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In this work crack formation and development is addressed and implemented in a planar layered
reinforced-concrete beam element. The crack initiation and growth is described using the strength
criterion in conjunction with exact kinematics of the interlayer connection. In this way a novel embed-
ded-discontinuity beam ﬁnite element is derived in which the tensile stresses in concrete at the crack
position reaching the tensile strength will trigger a crack to open. Since the element is multi-layered,
in this way the crack is allowed to propagate through the depth of the beam. The cracked layer(s) will
involve discontinuity in the cross-sectional rotation equal to the crack-proﬁle angle, as well as a discon-
tinuity in the position vector of the layer’s reference line. A bond–slip relationship is superimposed onto
this model in a kinematically consistent manner with reinforcement being treated as an additional layer
of zero thickness with its own material parameters and a constitutive law implemented in the multi-
layered beam element.
Emphasis in this work is placed on the deﬁnition and ﬁnite-element implementation of kinematics of
such a layered beam set-up with embedded cracking, rather than on constitutional details of the con-
crete, steel and interface between them. Several numerical examples are presented, in which the ability
of the proposed procedure to predict crack occurrence and development is investigated.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Reinforced concrete is the most widely used composite material
in civil engineering. It combines the advantageous mechanical
properties of concrete in compression and steel in tension so that
the reinforcement bars under operating circumstances usually
become stretched while the adjoining concrete experiences fully
developed cracking or sizeable micro-cracked regions with limited
resistance to tension (Bazˇant and Cedolin, 2003). A so-called
tension-stiffening effect is the principal load-bearing mechanism
in reinforced-concrete structures once cracking of concrete in
tension and subsequent slippage of the reinforcement bars with
respect to the surrounding concrete take place. In this way the
tensile stresses in the reinforcement at the crack positions
gradually become transferred to the concrete between the cracks.
The methods to model crack initiation and growth using the
ﬁnite-element method fall into two major categories: (i) the
smeared-crack methods (see e.g. Bazˇant, 2002; Bazˇant and Oh,
1983; de Borst et al., 2004; Ozˇbolt and Bazˇant, 1996; Rots et al.,
2008), in which a ﬁnite band around the actual crack is considered
to be either fully or partly damaged and (ii) the discrete-crackmethods (see e.g. Jirasek and Zimmermann, 2001; Oliver, 1995;
Oliver and Huespe, 2004; Simo et al., 1993), in which a strong
discontinuity in the material takes place at the fully developed
crack position. A discrete crack may be either predicted to occur
at an interface element between two continuum ﬁnite elements
(Alfano and Crisﬁeld, 2001) or it may develop within an existing
element (Jirasek, 2000). In all these papers, the crack formation
process is utilised within the continuum based 2D or 3D elements,
with the application to beam elements being less numerous. None-
theless, to mention a few of these, Aldstedt and Bergan (1978)
developed a beam element with perpendicular cracking at the ele-
ment ends in which the element length was to be estimated so as
to match the expected crack distance, Armero and Ehrlich (2006)
studied the effects of softening in plastic hinges and proposed a
beam element with an embedded developing plastic hinge as did
also Jukic´ et al. (2013) using a stress-resultant approach applied
to reinforced-concrete cross-sections, Marﬁa et al. (2004) consid-
ered a ‘repetitive’ element of a length equal to an assumed crack
distance to study the effects of cyclic loading including the corre-
sponding implication on the steel and the bond–slip constitutive
laws, while Oliveira et al. (2008) developed a layered ﬁnite element
with a length again estimated to coincide to the presumed crack
distance.
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Fig. 1. Position of layer l in initial and deformed conﬁguration.
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nism (crack formation and development) is addressed and imple-
mented in a reinforced-concrete beam element, which compared
with the continuum-based ﬁnite elements has considerably less
degrees of freedom. Here, as an underlying principle, the mecha-
nism of crack initiation and growth is described using the laws of
damage mechanics (see e.g. Bazˇant and Planas, 1998) in conjunc-
tion with the energy considerations originating from fracture
mechanics (Hillerborg et al., 1976). In this way a novel embed-
ded-discontinuity layered beam ﬁnite element is derived in which
the tensile stresses in concrete at a pre-deﬁned point reaching the
tensile strength will trigger a crack to open. The number of layers is
arbitrary and they are assembled in a beam with a rigid inter-layer
connection – there is neither slip nor uplift between the layers, but
the layers rotate independently. There exists another layer of zero
thickness, representing the reinforcement bar. The reinforcement
layer lies within a surrounding layer and may slip with respect
to this layer. A transversal crack is embedded into the element,
with the assumption that it propagates throughout the whole
depth of the layer in which the tensile strength has been reached.
Any layer which has cracked in this way will thus involve a discon-
tinuity in the cross-sectional rotation equal to the crack-proﬁle an-
gle in the layer, as well as a discontinuity in the position of its
reference axis.
Upon cracking, the reinforcement slips with respect to the sur-
rounding concrete, which determines the amount of tangential
stress (bond) transferred from the reinforcement to the concrete
as a result of the actual shape of the bond–slip diagram as de-
scribed by different authors and design codes (see e.g. Eligehausen
et al., 1983; CEB-FIP Bulletin 10, 2000; CEB-FIP Model Code, 1990).
A bond–slip relationship is superimposed onto this model in a
kinematically consistent manner with reinforcement being treated
as an additional layer with its own material parameters and a con-
stitutive law. Further degrees of freedom are deﬁned at the nodes
to account for slippage between the reinforcement and the sur-
rounding concrete.
The resulting multi-layer beam element is derived using the
standard degrees of freedom: one rotation per layer at each of
the nodes, slip of the reinforcement bar and the two displacement
components at each of the nodes, and, in addition, a crack opening
parameter and the crack proﬁle angle for each layer as the internal
degrees of freedom.
It should be noted that the proposed approach is capable of
determining both the position of an opening crack as well as its
width and depth. This puts it in stark contrast to the widely used
techniques (see e.g. Figueiras, 1986; Collins and Mitchell, 1997;
Stramandinoli and La Rovere, 2008; Tamai et al., 1988; Belarbi
and Hsu, 1994; Wang and Hsu, 2001) whereby the tension-stiffen-
ing effect is modelled on the basis of experimentally obtained
force–elongation relationships for a uniaxially loaded reinforced-
concrete specimen. From these results, a mean strain of the speci-
men may be easily deduced and used to deﬁne the constitutive
relationship needed for the numerical analyses, including those
which may be performed using some of the commercial ﬁnite-
element codes in which user-deﬁned constitutive models may be
integrated. Within this technique, however, the actual crack posi-
tions and other properties remain unknown.
An outline of the paper is as follows: ﬁrst the multi-layer beam
with a rigid interlayer connection and cracking is presented. It is
then extended by the incorporation of a reinforcement layer, and
followed by the deﬁnition of the total virtual work and interpola-
tion of the test and trial functions. Finally, some numerical exam-
ples are presented in which the proposed approach is tested for
linear constitutive relationship deﬁning concrete and steel as well
as the bond–slip relationship.2. Multi-layer beam with a rigid interlayer connection and
cracking
We will consider an initially straight beam of length L and a
cross-section composed of M parts with heights hl and areas Al,
where l is an arbitrary layer (Škec and Jelenic´, 2013). Each layer
has its own material coordinate system deﬁned by an orthonormal
triad of vectors E1;l;E2;l and E3;l with axes X1;l;X2;l and X3;l. The axes
X1;l coincide with the reference axes of each layer which are chosen
arbitrarily and are mutually parallel. The cross-sections of the lay-
ers are symmetric with respect to the vertical principal axis X2 de-
ﬁned by a base vector E2 ¼ E2;l (a condition for a plane problem).
The distance from the bottom of a layer to the layer’s reference axis
is denoted as al. The reference axes of all layers in the initial unde-
formed state are deﬁned by the base vector t01 which closes an an-
gle w with respect to the axis deﬁned by the base vector of the
spatial coordinate system. The position of a material point
TðX1;X2;lÞ in the undeformed initial conﬁguration is deﬁned with
respect to any layer by the vector
x0;l X1;X2;l
  ¼ r0;l X1ð Þ þ X2;lt02; ð1Þ
where r0;lðX1Þ is the position of the intersection of the plane of the
cross-section containing the point T and the reference axis of the
layer l in the undeformed state. Vector t0j is deﬁned as
t0j ¼ K0ej; K0 ¼
cosw  sinw
sinw cosw
 
¼ t01 t02½ ; ð2Þ
where index j = 1,2 refers to the corresponding axis. The kinematics
of deformation of the layer l is shown in Fig. 1.
During the deformation, the plane cross-sections of the layers
remain planar but not necessarily perpendicular to their deformed
reference axes (Timoshenko beam theory with Bernoulli’s hypoth-
esis). The material base vector E3 remains orthogonal to the plane
spanned by the spatial base vectors e1 and e2. Orientation of the
cross-section of each layer in the deformed state is deﬁned by
the base vectors tl,j as
tl;j ¼ Klej; Kl ¼
cos wþ hlð Þ  sin wþ hlð Þ
sin wþ hlð Þ cos wþ hlð Þ
 
; ð3Þ
which for the case of small rotations and deformations turns into
Kl ¼
cosw sinw
sinw cosw
 
1 hl
hl 1
 
¼ 1 hl
hl 1
 
cosw sinw
sinw cosw
 
: ð4Þ
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dent on X1, thus hl ¼ hlðX1Þ. The position of a material point T of
the layer l in the deformed state can be expressed as
xlðX1;X2;lÞ ¼ rlðX1Þ þ X2;ltl;2ðX1Þ; ð5Þ
where rlðX1Þ is the position of the intersection of the plane of the
cross-section containing the point T and the reference axis of the
layer l in the deformed state. The displacement between the unde-
formed and deformed state is deﬁned for each layer with respect to
its reference axis, thus
rlðX1Þ ¼ r0;lðX1Þ þ ulðX1Þ; ð6Þ
where ulðX1Þ is the vector of displacement of the layer’s reference
axis.
2.1. Assembly equations
2.1.1. Interlayer kinematics without cracking
Since in the present formulation neither slip nor uplift are
allowed between the layers of the beam, we can express displace-
ment of a layer l in terms of the displacement of an arbitrarily cho-
sen main layer a (denoted by uaÞ and the rotations ha; . . . ; hl. The
reference axis of the layer a thus becomes the reference axis of
the multi-layer beam. In Fig. 2, where a section of the beam with
arbitrary number of layers in initial and deformed conﬁguration
is shown, we may observe the arbitrarily chosen main layer a, an-
other arbitrary layer lying above layer a, denoted by lþ, and yet an-
other arbitrary layer lying below layer a, denoted by l. In the
deformed state, the reference axes of all layers deform and the lay-
ers’ cross-sections rotate, which is deﬁned by the unit base vectors
ta;2; tlþ;2 and tl;2.
For an arbitrary layer l (which can lie above or below the main
layer a) we can express ul in terms of displacement ua and rota-
tions hj, where j 2 ½f; . . . ; n] via (see Škec and Jelenic´, 2013 for the
derivation of this result)
ul¼uaþal tl;2t02
 aa ta;2t02ð Þþsgn lað ÞXn1
s¼f
hs ts;2t02ð Þ; ð7Þ
with
f ¼ a; l > a
l; l < a

; n ¼ l; l > a
a; l < a

: ð8Þ2.1.2. Introduction of cracking
Concrete has limited tensile strength and once it is exceeded a
crack occurs at the point where this takes place. In the presente1
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Fig. 2. Initial and deformed conﬁguration of the multi-layer beam.set-up it is presumed that the crack, located at X1C , propagates
throughout the whole depth of the layer in which the tensile
strength (calculated at the mid-depth) has been reached. Once
cracked, the layer remains cracked for the rest of the analysis. Since
the element is multi-layered, in this way the crack is allowed to
propagate through the depth of the beam.
When layer a cracks, there occurs a discontinuity (Fig. 3) in its
displacement ﬁeld. Consequently, we then distinguish between the
displacement of layer a;uaðX1Þ, and the displacement of the multi-
layer beam’s reference axis, denoted by u (X1Þ, which we deﬁne as
a continuous ﬁeld over X1; X1 2[0,L]. The beam reference line may
be imagined as a continuous conduit cast in the concrete layer a.
When the concrete layer cracks, it slips with respect to this conduit
by pðX1Þ, where pðX1Þ is a function accounting for the discontinuity
at the crack position X1C . The two ﬁelds are then related via
ua X1ð Þ ¼ u X1ð Þ þ p X1ð ÞtðX1Þ; ð9Þ
which in the geometrically linear analysis turns into
ua X1ð Þ ¼ u X1ð Þ þ p X1ð Þt01; ð10Þ
since t ¼ t01þu0t01þu0k k and pt
 ¼ p t01 þ t  ruð Þu¼0uþ H:O:T:
 
¼ pt01þ H:O:T.
The function pðX1Þ may be approximated as
p X1ð Þ ¼ daCk X1ð Þw; ð11Þ
where daC is a ﬂag denoting if layer a has cracked or not:
daC ¼
0; ea 6 fct=Ec
1; ea > fct=Ec

; ð12Þ
with ea as the normal strain, fct the strength in the middle of the
layer a and Ec Young’s modulus of concrete. The crack opening at
the middle of layer a is denoted as w, while kðX1Þ is a step function
(Fig. 4) deﬁned as
k X1ð Þ ¼
 X1L ; X1 < X1C
LX1
L ; X1 > X1C
(
ð13Þ
and functionally undeﬁned at X1 ¼ X1C .
At this point it has to be recognised that beside the discontinu-
ity in displacements of layer a, there is also a rotational discontinu-
ity in each cracked layer
hl ¼ bl þ k X1ð Þul; ð14Þ
where bl is the rotation as if there were no cracking in layer l, while
ul is the crack proﬁle angle of layer l.
Substituting (10) into (7) we get
ul ¼ u X1ð Þ þ p X1ð Þt01 þ al tl;2  t02
  aa ta;2  t02ð Þ
þ sgn l að Þ
Xn1
s¼f
hs ts;2  t02ð Þ; ð15Þ
or, in other words, the basic unknown functions of the problem are
the two components of the vector u and the rotations of each layer
bl. In addition we also have the crack opening w at the middle of
layer a, and the crack proﬁle angles ul in each cracked layer, thus
making the number of total unknown functions 2 +M (u,
b1; . . . ;bMÞ and the maximum number of total unknown parameters
1 +M (w, u1; . . . ;uMÞ.
Let it be mentioned that inclusion of a non-transversal shear
cracking appears to be incompatible with the present idea in that
the orientation of such a crack does not coincide with a layer’s
cross-section. Nonetheless, such cracking might still be considered
within the present concept by approximating a skew crack with an
L-shaped crack with its longitudinal leg modelled by allowing the
adjacent layers to slip with respect to each other and separate from
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layer kinematics and is not pursued further in this paper.
2.2. Kinematic equations
Non-linear kinematic equations of the Reissner beam theory
(Reissner, 1972) take the well-known Timoshenko form once the
rotations of the cross-section become small:
cl ¼
el
cl
 	
¼ KT0 u0l  hlt02
  ¼ u0l coswþ v 0l sinwu0l sinwþ v 0l cosw hl
 	
; ð16Þ
jl ¼ h0l; ð17Þ
where el; cl and jl are the axial strain, shear strain and curvature,
respectively, deﬁned with respect to the reference axis of the layer
l as functions of only X1.
2.3. Constitutive equations
The axial strain Dl of a ﬁbre at the distance X2;l from the refer-
ence axis of the layer l is deﬁned as
Dl ¼ Dl X1;X2;l
  ¼ el X1ð Þ  X2;ljl X1ð Þ ð18Þ
and the normal stress depends on this strain, i.e.
rl ¼ rl Dlð Þ; ð19Þ
as well as the history of straining depending on the constitutive law
taken. Likewise the shear stress generally depends on a shear strain
at a point which, however, in the Timoshenko beam theory is taken
as constant over the height of the layer:
sl ¼ sl clð Þ: ð20Þ
The stress resultants with respect to the reference axis of layer l
are obtained by integrating these stresses and the normal stress
couples over the layer’s area Al and readNl ¼
Z
Al
rldA;
Tl ¼ As;lsl; ð21Þ
Ml ¼ 
Z
Al
X2;lrldA;
where As;l is the shear area. Obviously, Nl; Tl and Ml represent the
normal and shear force and the bending moment in layer l in the
cross-section at X1.
2.4. Equilibrium equations
According to the principle of virtual work for a static problem,
the work of internal forces in the layered beam over virtual strains
(VB;iÞ is equal to the work of external forces over virtual displace-
ments (VB;eÞ, i.e.
V  VB;i  VB;e ¼ 0; ð22Þ
where, for a multi-layer beam composed of M layers, these virtual
works are deﬁned as
VB;i ¼
XM
l¼1
Z L
0
cl  Nl þ jlMlð ÞdX1; Nl ¼
Nl
Tl
 	
; ð23Þ
VB;e¼
XM
l¼1
Z L
0
ul f lþhlml
 
dX1þul;0 Fl;0þhl;0Ml;0þul;L Fl;Lþhl;LMl;L
 
;
ð24Þ
where Fl;0 and Fl;L are boundary point forces (Fig. 5),Ml;0 andMl;L are
bending moments applied at the beam ends 0 (start) or L (end). The
distributed force and moment loads are denoted by fl and ml.
The virtual strains and curvature are denoted by cl and jl, and
the virtual displacements and rotations by ul and hl.
From (16) and (17) it follows
cl ¼ KT0 u0l  hlt02
 
; ð25Þ
jl ¼ h0l: ð26Þ
Using (25) and (26) the virtual work of internal forces becomes
VB;i ¼
XM
l¼1
Z L
0
uTl hl

 
DTl
 
L
Nl
Ml
 	
dX1; ð27Þ
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Fig. 5. Deﬁnition of external forces.
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VB;e ¼
XM
l¼1
Z L
0
uTl hl

  f l
ml
 	
dX1 þ uTl hl

 
0
Fl;0
Ml;0
 	
þ uTl hl

 
L
Fl;L
Ml;L
 	
; ð28Þ
with
Dl ¼
I ddX1 t02
0T ddX1
" #
; ð29Þ
L ¼ K0 0
0T 1
 
; ð30Þ
where I represents the 2  2 unity matrix.
From (15) we obtain (note that tl;2 ¼ hl 0 11 0
 
K0e2 ¼ hlt01)
ul ¼ uþ daCkwt01  alhlt01 þ aahat01  sgn l að Þ
Xn1
s¼f
hshst01; ð31Þ
which serves to deﬁne the transformation
uTl hl

  ¼ uþ dackwt01ð ÞT h1 . . . hM
 BTl
¼ uT h1 . . . hM

 
BTl þ dackw tT01 0TM

 
BTl
¼ pTf þ dackw
t01
0M
 	T" #
BTl : ð32Þ
In (32), pTf ¼ uT h1 h2 . . . hM

 
is the vector of virtual un-
known functions, 0M is an M-dimensional null-vector and Bl is the
matrix of transformation from the layer’s unknown functions ul
and hl to the basic unknown functions u and h1; . . . ; hM deﬁned as
(Škec and Jelenic´, 2013)
Bl¼ I 0 . . . 0 dl;ft01 . . . dl;st01 . . . dl;nt01 0 . . . 00T 0 . . . 0 dlf . . . 0 . . . dln 0 . . . 0
 
¼ eI eBlh i; ð33Þ
with
eI¼ I
0T
 
;
eBl¼ 0 . . . 0 dl;ft01 . . . dl;st01 . . . dl;nt01 0 . . . 00 . . . 0 dlf . . . 0 . . . dln 0 . . . 0
 
; ð34Þ
dlk ¼
1; l ¼ k
0; otherwise

; ð35Þ
dl;f ¼ sgnðl aÞðhf  afÞ;
dl;n ¼ sgnðl aÞan;dl;s ¼ sgnðl aÞhs; s 2 fþ 1; . . . ; n 1½ : ð36Þ
Matrix eBl in (33) is of the dimension 3 M. In this way we
eventually obtain the following results for the virtual work of the
internal and the external forces:
VB;i ¼
XM
l¼1
Z L
0
pTf þ dackw
t01
0M
 	T !
BTl
 !
DTl
 !
L
Nl
Ml
 	
dX1
" #
;
ð37Þ
VB;e ¼
XM
l¼1
Z L
0
pTf þ dackw
t01
0M
 	T !
BTl
f l
ml
 	
dX1 þ pTf ;0BTl
Fl;0
Ml;0
 	"
þpTf ;LBTl
Fl;L
Ml;L
 	
ð38Þ
and ﬁnally (see Appendix A for the derivation)
VB;i ¼
XM
l¼1
Z L
0
p0Tf B
T
l L
Nl
Tl
Ml
8><>:
9>=>;þ pTf BTl
0
0
Tl
8><>:
9>=>;þ dack0wNl
0B@
1CAdX1
264
375;
ð39Þ
VB;e ¼
XM
l¼1
Z L
0
pTf B
T
l
f l
ml
 	
þ daCkwtT01f l
 
dX1 þ pTf ;0BTl
Fl;0
Ml;0
 	
þpTf ;LBTl
Fl;L
Ml;L
 	
: ð40Þ
The presented governing equations are highly non-linear and
cannot be solved in a closed form. In order to solve them, it is nec-
essary to choose in advance the shape of the test functions (u; hlÞ,
and later also the shape of the trial functions ðu; hlÞ.
Since there is a rotational discontinuity in each cracked layer
(introduced in (14)) the vector of virtual unknown functions now
becomes
pf ¼ pþ k
0
DCu
 	
; ð41Þ
with
p ¼ uT b1 b2 . . . bM

 T
; ð42Þ
DC ¼
d1C 0 . . . 0
0 d2C . . . 0
..
. ..
. . .
. ..
.
0 0 . . . dMC
266664
377775; u ¼
u1
u2
..
.
uM
8>>><>>:
9>>>=>>;; ð43Þ
where dlC is a ﬂag denoting if layer l has cracked or not
dlC ¼
0; el 6 fct=Ec
1; el > fct=Ec

: ð44Þ
From (41) it follows
p0Tf ¼ p0T þ k0 0T uTDC

 
; ð45Þ
so that the virtual work VB;i from (39) and VB;e from (40) now take
the following form
VB;i ¼
XM
l¼1
Z L
0
p0TBTl L
Nl
Tl
Ml
8><>:
9>=>;þ pTBTl
0
0
Tl
8><>:
9>=>;þuTDCk0BTl L
Nl
Tl
Ml
8><>:
9>=>;
0B@
þuTDCk0BTl
0
0
Tl
8><>:
9>=>;þwdaCk0Nl
1CAdX1; ð46Þ
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XM
l¼1
Z L
0
pTBTl
f l
ml
 	
þuTDCkeBTl f lml
 	
þwdaCktT01f l
 
dX1

þpT0BTl
Fl;0
Ml;0
 	
þ pTLBTl
Fl;L
Ml;L
 	
: ð47Þ3. Incorporation of reinforcement layer
3.1. Kinematics of slippage between reinforcement and concrete
In the considered multi-layer beam, the beam reference axis
may be taken arbitrarily, so let us take it to be placed in the middle
of the layer which surrounds the reinforcement. Let the reinforce-
ment make an arbitrarily thin reinforcement layer of a ﬁnite cross-
section, which let also be placed in the middle of the surrounding
layer. The reinforcement layer, denoted as r, may slip with respect
to the surrounding concrete layer as shown in Fig. 6. From Fig. 6 we
see that
ur X1ð Þ ¼ u X1ð Þ þ s X1ð Þtr;1 X1ð Þ; ð48Þ
which in the geometrically linear analysis turns into
ur X1ð Þ ¼ u X1ð Þ þ s X1ð Þt01; ð49Þ
since str;1 ¼ s t01 þ tr;1 rurð Þur¼0ur þ H:O:T:
h i
¼ st01 þ H:O:T .
As shown in (10), when the concrete layer a cracks it also slips
with respect to the imagined continuous beam reference line. The
total slip of the reinforcement with respect to the cracked concrete
surrounding it is thus obtained as the magnitude of difference be-
tween the reinforcement and surrounding concrete layer a dis-
placements as
f X1ð Þ ¼ ur X1ð Þ  ua X1ð Þk k ¼ f X1ð Þk k; ð50Þ
with the total slip vector f(X1Þ shown in Fig. 7. From (10) and (49) it
follows that in the geometrically linear case considered in this
paper
f X1ð Þ ¼ sðX1Þ  p X1ð Þ½  t01; ð51Þ
i.e. the total slip follows as
f X1ð Þ ¼ sðX1Þ  daCk X1ð Þw: ð52Þ
The number of unknowns now increases by one additional
function (sðX1ÞÞ, thus making the number of total unknown func-
tions 3 +M plus the parameters w and crack proﬁle angles ul in
every cracked layer.e1
e2
t02
t01
tα,1
ψ+θ α
reinforcement layer "r"
ψ
tα,2
ur
X 1
u
reference axis of the
multi-layer beam
hα aα
s
str,1
tr,2
tr,1
rr'
||rr'||tr,1= rr'=t01+ur'
Fig. 6. Displacement of the reinforcement layer r and the surrounding concrete
layer at X1.3.2. Additional internal and external virtual work due to reinforcement
The internal virtual work for the multi-layer beam now needs to
be extended by two additional terms. The ﬁrst of these relates to
the virtual work due to the axial force in the reinforcement owing
to its deformability, while the second term comes as a result of
slippage of the reinforcement bar with respect to the surrounding
concrete and the consequent bond stresses. Additionally, since the
reinforcement bar is treated as a reinforcement layer, we also as-
sume that there exist external forces acting on that layer which
are consistent with its speciﬁc properties.
3.2.1. Internal virtual work due to axial force in reinforcement
Internal virtual work due to the axial force in the reinforcement
is initially derived by considering reinforcement as a beam layer of
ﬁnite area and zero thickness,
Vr;i ¼
Z L
0
uTr hr

 
DTr
  Kr 0
0T 1
 
Nr
Mr
 	
dX1; ð53Þ
where Nr ¼ Nr0
 	
;Mr ¼ 0;Nr ¼ Nr erð Þ;Kr ¼ t01 t02½ ;Dr ¼
I ddX1 t02
0T ddX1
" #
, while the axial strain er ¼ t01  u0rðX1Þ follows from
(49) as
er ¼ s0 þ t01  u0: ð54Þ
Using (49), virtual work (53) also transforms into
Vr;i ¼
Z L
0
uT þ stT01 hr

 
DTr
  Nrt01
0
 	
dX1; ð55Þ
or further
Vr;i ¼
Z L
0
d
dX1
s uT

   1
t01
 	
NrdX1 ¼
Z L
0
s0 u0T

  1
t01
 	
NrdX1:
ð56Þ
Since u0Tt01 ¼ p0T t010M
 	
, we ﬁnally get
Vr;i ¼
Z L
0
s0Nr þ p0T
t01
0M
 	
Nr
 
dX1: ð57Þ3.2.2. Internal virtual work due to bond stresses
This virtual work comes as a result of slippage of the reinforce-
ment bar with respect to the surrounding concrete. The adhesive
shear-bond stress s thus produces a virtual work per unit of con-
tact area
sf ; ð58Þ
and the virtual work per unit of contact length
/psf ; ð59Þ
where / is the diameter of the reinforcement bar (or the sum of the
diameters of all the reinforcement bars of the layer). Note that in
the present model the reinforcement is designed to act as a layer
of zero thickness and the factor /p acts as a coefﬁcient deﬁning
the reinforcement circumference and is introduced only for the sake
of convenience in modelling real problems. Along the whole length
of the element we get the resulting virtual work due to the bond
stresses as
Vb;i ¼ /p
Z L
0
sf dX1 ð60Þ
and, by using (52),
Vb;i ¼ /p
Z L
0
s daCkwð ÞsdX1; ð61Þ
e1
e2
layer "α"
t01
uα
ϕ
X 1
reinforcement layer "r"
s
t02 ur
f
aα
hα
w
e1
e2
layer "α" t01
X 1
reinforcement layer "r"
uα ur
s
t02
f
aα
hα
w
ϕ
(a) X1<X1C (b) X1>X1C
Fig. 7. Deﬁnition of total slip.
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deﬁned in (52). In the present work, the actual bond–slip relation-
ship is not the subject of any detailed investigation and will be ad-
dressed in our future work (along with the nonlinearities in
concrete and reinforcement). An attempt to introduce a realistic
nonlinear bond–slip relationship in the present model may require
some sort of averaging if it is to be used to analyse the problems
with thick reinforcement bars in which the slip at the top and the
bottom of the bar may not be necessarily taken as equal.
3.2.3. External virtual work due to loading on the reinforcement
External virtual work due to the applied distributed and
concentrated axial loading acting on the reinforcement may be
stated as
Vr;e ¼
Z L
0
uTr frt01dX1 þ uTr;0Fr;0t01 þ uTr;LFr;Lt01; ð62Þ
where fr is a distributed axial loading acting along the reinforce-
ment, while Fr;0 and Fr;L are concentrated axial forces acting at the
ends of the reinforcement. Substituting (49) into this result gives
Vr;e¼
Z L
0
s uT

  1
t01
 	
frdX1þ s0 uT0

  1
t01
 	
Fr;0þ sL uTL

  1
t01
 	
Fr;L;
ð63Þ
with s0; sL;u0 and uL as the boundary values (at X1=0 and X1 ¼ L,
respectively) of the ﬁelds s and u. Since
uTt01 ¼ pT
t01
0M
 	
; ð64Þ
we ﬁnally obtain
Vr;e¼
Z L
0
s pT

  1
t01
0M
8><>:
9>=>;frdX1þ s0 pT0
 
1
t01
0M
8><>:
9>=>;Fr;0þ sL pTL
 
1
t01
0M
8><>:
9>=>;Fr;L:
ð65Þ4. Interpolation of test functions and approximated total virtual
work
Virtual work for the internal forces of the multi-layer beam VB;i
should be now combined with the internal virtual work in the rein-
forcement bar Vr;i and the internal virtual work of the bond stres-
ses Vb;i to give the total internal virtual work
Vi ¼ VB;i þ Vr;i þ Vb;i; ð66Þto be used along with the total external virtual work obtained from
(47) and (65)
Ve ¼ VB;e þ Vr;e; ð67Þ
in the principle of virtual work V  Vi  Ve ¼ 0.
4.1. Interpolation of test functions
For a ﬁnite number of nodes on the beam N it is assumed that
the virtual displacements, rotations and slip are known at the
nodes and interpolated between the nodes. The unknown func-
tions sðX1Þ and p(X1Þ are approximated as
sðX1Þ _¼shðX1Þ ¼
XN
j¼1
IjðX1Þsj; ð68Þ
pðX1Þ _¼phðX1Þ ¼
XN
j¼1
wjðX1Þpj; ð69Þ
where IjðX1Þ are the standard Lagrangian interpolation functions
and wjðX1Þ is as yet an undeﬁned matrix of interpolation functions,
with
pj ¼ uj b1;j b2;j . . . bM;j

 T
: ð70Þ
Substituting (68)–(70) in (46), (47), (57), (61) and (65) gives the
following ﬁnite-element approximations for the virtual work of the
internal and external forces
VhB;i ¼
XN
j¼1
pTj
XM
l¼1
Z L
0
w0Tj B
T
l L
Nl
Tl
Ml
8<:
9=;þ wTj BTl
0
0
Tl
8<:
9=;
0@ 1AdX1
þuTDC
XM
l¼1
eBTl L Z L
0
k0
Nl
Tl
Ml
8<:
9=;dX1 þ
Z L
0
k
0
0
Tl
8<:
9=;dX1
0@ 1A
þwdaC
XM
l¼1
Z L
0
k0NldX1; ð71Þ
VhB;e ¼
XN
j¼1
pTj
XM
l¼1
Z L
0
wTj B
T
l
f l
ml
 	
dX1 þuTDC
XM
l¼1
eBTl

Z L
0
k f l
ml
 	
dX1 þwdaC
XM
l¼1
Z L
0
ktT01f ldX1
þ pT1
XM
l¼1
BTl
Fl;0
Ml;0
 	
þ pTN
XM
l¼1
BTl
Fl;L
Ml;L
 	
; ð72Þ
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XN
j¼1 sj
Z L
0
I0jNrdX1 þ pTj
Z L
0
w0Tj
t01
0M
 	
NrdX1
 
; ð73Þ
Vhb;i ¼ /p
XN
j¼1
Z L
0
IjsjsdX1 w/p
Z L
0
daCksdX1; ð74Þ
Vhr;e ¼
XN
j¼1
sj
Z L
0
IjfrdX1 þ pTj
Z L
0
wTj
t01
0M
 	
frdX1
 
þ s1Fr;0
þ pT1
t01
0M
 	
Fr;0 þ sNFr;L þ pTN
t01
0M
 	
Fr;L: ð75Þ
It is instructive to consider linked interpolation, which implies
higher order interpolation for the transverse displacements than
the rotations, deﬁned as (Jelenic´ and Papa, 2011):
uh ¼
XN
j¼1
Ijuj þ LN
YN
j¼1
Nj
XN
k¼1
1ð Þk1 N  1
k 1
 
ba;kt02
¼
XN
j¼1
Ijuj þ Kjba;jt02
 
; ð76Þ
where N1 ¼ X1L and Nj ¼ 1 N1j1 X1L for j = 2,3,. . .,N, while
Kj ¼ LN 1ð Þj1
N  1
j 1
 QN
p¼1Np.
In the present M-layer set-up this is equivalent to
wj ¼
Ij 0 0 . . .  LN
YN
p¼1
Np
 !
1ð Þj1 N  1
j 1
 
sinw . . . 0
0 Ij 0 . . . LN
YN
p¼1
Np
 !
1ð Þj1 N  1
j 1
 
cosw . . . 0
0 0 Ij . . . 0 . . . 0
..
. ..
. ..
. . .
. ..
. ..
.
0 0 0 . . . Ij . . . 0
..
. ..
. ..
. ..
. . .
. ..
.
0 0 0 . . . 0 . . . Ij
2666666666666666666664
3777777777777777777775
;
ð77Þ
or shorter
wj ¼ IjI2þM þ Kj
t02
0M
 	
m; ð78Þ
with m ¼ 0T 0 . . . 1 . . . 0

 
and the unity in m at the posi-
tion aþ 2.
4.2. Approximation of the internal virtual work
Substituting (78) in (71) and (73) yields the discretised internal
virtual work as
Vhi ¼ VhB;i þ Vhr;i þ Vhb;i ¼
XN
j¼1
sj qirs;j þ qibs;j
 
þ
XN
j¼1
pTj q
i
Bp;j þ qirp;j
 
þuTqiu þw qiBw  qibw
 
; ð79Þ
with
qirs;j ¼
Z L
0
I0jNrdX1; ð80Þ
qibs;j ¼ /p
Z L
0
IjsdX1; ð81ÞqiBp;j ¼
XM
l¼1
BTl L
Z L
0
HIj
Nl
Tl
Ml
8><>:
9>=>;dX1 þmT
XM
l¼1
Z L
0
K 0jTldX1; ð82Þ
qirp;j ¼
t01
0M
 	Z L
0
I0jNrdX1 ¼
t01
0M
 	
qirs;j; ð83Þ
qiu ¼ DC
XM
l¼1
eBTl L Z L
0
Hk
Nl
Tl
Ml
8><>:
9>=>;dX1; ð84Þ
qiBw ¼ daC
XM
l¼1
Z L
0
k0NldX1; ð85Þ
qibw ¼ daC/p
Z L
0
ksdX1; ð86Þ
where
Hg ¼
g0 0 0
0 g0 0
0 g g0
264
375 for g ¼ Ij; k ð87Þ
and Nl ¼ Nl el;jlð Þ; Tl ¼ Tl clð Þ; Ml ¼ Ml el;jlð Þ; Nr ¼ Nr erð Þ; s ¼ s fð Þ
and f ¼ s daCkw.
The only difference in applying linked, instead of a standard
Lagrangian interpolation, is the additional second term in qiBp;j.
We can express (79) as
Vi ¼ pTs uTw

  qips
qiuw
( )
; ð88Þ
where
pTs ¼ pTs1 pTs2 . . . pTsN

 
; ð89Þ
pTsj ¼ sj uTj b1;j b2;j . . . bM;j
D E
;
uTw ¼ w u1 u2 . . . uMh i
ð90Þ
and
qi
T
ps ¼ qi
T
ps;1 q
iT
ps;2 . . . q
iT
ps;N
D E
;
qi
T
ps;j ¼ qis;j qi
T
p;j
D E
;
qis;j ¼ qirs;j þ qibs;j;
qip;j ¼ qiBp;j þ qirp;j;
qi
T
uw ¼ qiw qi
T
u
D E
;
qiw ¼ qiBw  qibw:
ð91Þ4.3. Approximation of the external virtual work
Substituting (78) in (72) and (75) gives the discretised virtual
work of the external forces as
Vhe ¼ VhB;e þ Vhr;e ¼
XN
j¼1
sjqes;j þ
XN
j¼1
pTj q
e
Bp;j þ qerp;j
 
þuTqeu þwqew;
ð92Þ
with
qes;j ¼
Z L
0
IjfrdX1 þ d1jFR;0 þ dNjFR;L; ð93Þ
layer "α+1"
layer "α+2"
layer "l"
layer "Μ "
w
hα+1
hα+2
hl
hM
layer "α"
ϕα+2
ϕα+1
ϕα
reinforcement layer "r"
hα/2
Fig. 8. Crack opening in the middle of layer a and crack proﬁle angles for a beam
element with a +2 cracked layers.
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XM
l¼1
Z L
0
IjB
T
l
f l
ml
 	
dX1 þmT
XM
l¼1
Z L
0
KjtT02f ldX1
þ d1j
XM
l¼1
BTl
Fl;0
Ml;0
 	
þ dNj
XM
l¼1
BTl
Fl;L
Ml;L
 	
; ð94Þ
qerp;j ¼
Z L
0
Ij
t01
0M
 	
frdX1 þ d1j
t01
0M
 	
FR;0 þ dNj
t01
0M
 	
FR;L; ð95Þ
qeu ¼ DC
XM
l¼1
eBTl Z L
0
k
f l
ml
 	
dX1; ð96Þ
qew ¼ daC
XM
l¼1
Z L
0
ktT01f ldX1: ð97Þ
Discretised virtual work of the external forces (92) may be ex-
pressed as
Ve ¼ pTs uTw

  qeps
qeuw
( )
; ð98Þ
where
qe
T
ps ¼ qeTps;1 qe
T
ps;2 . . . q
eT
ps;N
D E
;
qe
T
ps;j ¼ qes;j qe
T
p;j
D E
;
qep;j ¼ qeBp;j þ qerp;j;
qe
T
uw ¼ qew qe
T
u
D E
:
ð99Þ4.4. Non-linear solution procedure
From (79) and (92) we establish the principle of virtual work
Vh  Vhi  Vhe ¼ 0 $ g 
gps
guw
( )
¼
qips
qiuw
( )
 q
e
ps
qeuw
( )
¼ 0:
ð100Þ
The vector of residual forces is expanded in Taylor’s series up to
a linear form as
gþ Dg ¼ 0: ð101Þ
Applying a linearization yields
kpp kpu
kTpu kuu
" #
Dps
Duw
 	
¼  gps
guw
( )
; ð102Þ
where kpp;kpu and kuu follow from
kpp ¼ qips rps;
kpu ¼ qips ruw ¼ ðqiuw rpsÞ
T
;
kuu ¼ qiuw ruw;
ð103Þ
with rps and ruw as the vectors of partial derivatives with respect
to ps and uw. The stiffness matrix blocks kpp;kpu and kuu are de-
rived in Appendix B. The solution is obtained iteratively using a
Newton–Raphson procedure until a satisfying accuracy is achieved.
To complete the process it is necessary to deﬁne the constitutive
laws for steel (including the information on yield stress and harden-
ing if applicable) and concrete in compression as well as the
bond–slip relationship. If all these laws were linear and the tensile
concrete strength high enough, Eq. (103) would result in constant
stiffness matrices for a geometrically linear layered beam.
At this point a distinction should be made between two differ-
ent types of elements: (i) a bar element subject to uniaxial loadingand (ii) a beam element subject to uniaxial loading and bending. In
case of the beam element, not all the layers in a section may crack -
compression must exist at one side of the cross-section, either at
the bottom or at the top. Additionally, the crack opening in the
middle of layer a ceases to be independent of the crack proﬁle an-
gles. Instead, the relationship between these parameters may be
derived from Fig. 8 as
w ¼
XM
l¼aþ1
dlChlul þ daC
ha
2
ua ¼ hTaDcu; ð104Þ
where
ha ¼ 0 . . . 0 ha2 haþ1 . . . hM1 hM

 T
: ð105Þ
Using (104), expression (79) may be rewritten so that w is no
longer an unknown parameter,
Vhi ¼
XN
j¼1
sj qirs;j þ qibs;j
 
þ
XN
j¼1
pTj q
i
Bp;j þ qirp;j
 
þuT qiu þ DCha qiBw  qibw
   ð106Þ
and accordingly (88) transforms into
Vi ¼ pTs uT

  qips
qiuu
( )
; ð107Þ
with
qiuu ¼ qiu þ DCha qiBw  qibw
 
: ð108Þ
In a similar fashion, the external virtual work (92) may be also
transformed and the non-linear vector residual equation to be
solved is now
g  gps
gu
( )
¼
qips
qiuu
( )
 q
e
ps
qeuu
( )
¼ 0; ð109Þ
where
qeuu ¼ qeu þ DChaqew: ð110Þ
This vector of residual forces is now again expanded in Taylor’s
series up to a linear form, which after the linearisation gives
kpp kb;pu
kTb;pu kb;uu
" #
Dps
Du
 	
¼  gps
gu
( )
; ð111Þ
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kpp ¼ qips rps
kb;pu ¼ qips ru ¼ ðqiuu rpsÞ
T
kb;uu ¼ qiuu ru
ð112Þ
withrps andru as the vectors of partial derivatives with respect to
ps and u. The stiffness matrix blocks kpp, kb;pu and kb;uu are given in
Appendix C.
5. Numerical examples
In this section, a couple of examples are presented in which the
novel ﬁnite element has been tested for monotonically increasing
loading. In all the examples the position of the crack is assumed
in the middle of an element (X1C ¼ Lel/2 where Lel is the length of
the element). In order to evaluate the integrals which contain
function kðX1Þ, which is continuous everywhere except at the crack
position, the integration interval is divided into subintervals not
including the crack position: [0, Lel/2i [ hLel/2, Lel]. Two-noded ele-
ments and Gauss quadrature of order two have been used. The
Newton–Raphson tolerance for the sum of the norms is set to
106. Concrete and steel are assumed to have a linear elastic
stress–strain relationship. The bond stress-slip relationship is also
assumed to be linear (s =Csf where Cs is the bond stiffness modu-
lus). It should be noted that all the constitutive ingredients have
been chosen as linear elastic in order to concentrate on the crack-
ing mechanism as described by the proposed multi-layered beam
kinematic model.
5.1. Reinforced-concrete tie
The ﬁrst example is a reinforced-concrete tie of square cross-
section containing one reinforcing bar of diameter 12 mm running
longitudinally through the centroid of cross-section shown in
Fig. 9. The tensile axial force is applied to the ends of the reinforc-
ing bar protruding from each end of the concrete element. The
material parameters are given as: Young’s modulus of concrete
Ec = 21 000 MPa, Young’s modulus of steel Es = 210 000 MPa, bond
stiffness modulus Cs = 30 000 MPa/m while concrete tensile
strength is set as 10% of the Young’s modulus of concrete, and
equals 2.1 MPa. Linear Lagrangian interpolation for displacements
and rotations as well as for the function s has been used. Two-point
Gaussian quadrature has been utilised (applied to each half of the
domain for the integrals containing step function kðX1ÞÞ.
First, we will examine only the slip (without cracking) and ver-
ify it by comparing with the analytical solution (see e.g. Creazza
and Russo, 1999). The applied force equals F = 20 kN. By analysing
only the right half of the tie, and placing the origin of the global
coordinate system in the middle of the tie, for the slip and the
displacement we get:L= 2.0 m
0.1 m
0.1 m
φ12
Fig. 9. Reinforced-concrete tie.sðX1Þ ¼ FEsAsb
sinh bX1
cosh blt
;
uðX1Þ ¼ aF
b3
sinh bX1
coshblt
þ aF
b2
X1;
with
b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
BCs 1=EsAs þ 1=EcAcð Þ
p
; a ¼ BCs= EsAsð Þ EcAcð Þ; BCs ¼ /pCs;
where lt is the half-length of the tie while As and Ac are steel and
concrete areas, respectively. In Fig. 10, the analytical solutions rep-
resenting slip and displacement for the right half of the tie are
depicted.
Table 1 summarises the results for the slip and displacement
depending on the number of single-layer elements at the free
end (X1 ¼ ltÞ, together with the analytical solution. The displace-
ment and the slip at the left end are ﬁxed while at the right end
they are free.
A comparison of the results for slip and displacement at the free
end is shown in Fig. 11. The relative errors in slip and displacement
are deﬁned as es=(slt  sFEÞ/slt and eu=(ult  uFEÞ/ult , where slt and ult
are the analytical solutions, while sFE and uFE are the proposed
ﬁnite-element solutions for the slip and the displacement at the
free end of the tie. We can notice that the relative error for the dis-
placement is much smaller than for the slip for the same number of
elements. As it can be seen from the graph, very good results are
achieved even for a small number of elements: for just 8 elements,
the relative error of the slip is less than 3.5% while for the displace-
ment, the error is less than 0.5%, and the numerical procedure is
clearly converging towards the exact solution.
In our second test the ability of the proposed procedure to
predict crack occurrence and development is investigated. In order
to demonstrate this process we have considered the same rein-
forced-concrete tie and examined different meshes of single-layer
elements. The whole tie has been modelled as a simply supported
beam with the left end ﬁxed (axial displacement of the beam
reference line set to zero) and the right end freely moving in the
axial direction. The reinforcement has been axially loaded at both
ends with the corresponding slips unrestrained. The global coordi-
nate reference system is placed at the left end of the tie. The ap-
plied tensile force is increased monotonically, thus the cracks
form one after another as soon as the tensile strength at the
mid-point of an element is reached. The 1st crack opens in the mid-
dle of the tie, then by increasing the force, 2nd and 3rd crack form
at the middle of the right and the left half of the tie respectively,
4th to 7th cracks form halfway between the existing cracks, and
so on (Fig. 12).
Since the analytical solution for the displacement is known, the
cracking forces may be easily determined – by differentiating it
with respect to X1 and multiplying by the Young’s modulus of con-
crete, i.e.
rðX1Þ ¼ aF
b2
 cosh bX1
coshblT
þ 1
 
Ec;
where lT is the distance between two cracks (lT ¼ L; L/2, L/4,. . .).
When this stress reaches the tensile strength, a crack will open.
The crack widths may be also derived from the analytical model
as follows – simply by adding up the two slips (obtained for the ob-
served cracking force) on either side of the crack. The analytical re-
sult for cracking forces and crack widths are given in Table 2.
The number of elements in meshes has been chosen in such a
way so that we could track the occurrence and development of
the ﬁrst seven cracks. We start ﬁrst with the mesh of seven ele-
ments of equal length, and then uniformly make the mesh denser
always maintaining an odd number of the elements in a mesh, so
that we get 15-, 31-, 63- and 127-element meshes. The expected
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Fig. 10. Analytical solution for slip and displacement of the reinforced-concrete tie (right half).
Table 1
Slip and displacement (mm) at the free end of the tie.
Number of elements Analytical solution
1 2 4 8 16 32 64
Slip 0.0451 0.0797 0.1024 0.1119 0.1147 0.1154 0.1156 0.1157
Displacement 0.0810 0.0775 0.0752 0.0742 0.0739 0.0738 0.0738 0.0738
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Fig. 11. Slip and displacement at the free end: (a) analytical and numerical results, (b) relative errors of the numerical results.
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Fig. 12. Crack formation process in the reinforced-concrete tie analysed.
Table 2
Cracking forces (kN) and crack widths (mm) – analytical model.
Force Crack number
1st 2nd and 3rd 4th, 5th, 6th and 7th
23.4073 0.2704
24.6691 0.2707 0.2707
34.1606 0.2849 0.2849 0.2849
Table 3
Crack positions expressed in terms of L in the existing meshes and analytical solution.
Number of
elements
Crack number
6th 2nd 4th 1st 5th 3rd 7th
7 0.071 0.214 0.357 0.500 0.643 0.786 0.929
15 0.100 0.233 0.367 0.500 0.633 0.767 0.900
31 0.113 0.242 0.371 0.500 0.629 0.758 0.887
63 0.119 0.246 0.373 0.500 0.627 0.754 0.881
127 0.122 0.248 0.374 0.500 0.626 0.752 0.878
Analytical solution 0.125 0.25 0.375 0.500 0.625 0.75 0.875
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solution from above are given in Table 3. More accurate results
are expected for forces that will cause a crack to open in those
meshes where the predicted crack positions are closer to the exact
crack position. Obviously, in all the meshes, 4th and 5th crack willfor this reason open prior to 6th and 7th crack, but the difference
between the forces that cause these pairs of cracks to open will
reduce with reﬁnement of the mesh.
Table 4
Cracking forces (kN) for various meshes.
Crack number Number of elements
7 15 31 63 127
1st 23.379 23.400 23.408 23.407 23.407
2nd and 3rd 24.100 24.577 24.648 24.664 24.668
4th and 5th 32.009 32.385 33.263 33.719 33.943
6th and 7th 47.610 36.522 35.123 34.609 34.378
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Fig. 13. Cracking forces depending on the number of elements.
Table 5
Cracking forces (kN) and crack widths (mm) for 9-element non-uniform mesh.
Force Crack number
1st 2nd and 3rd 4th, 5th, 6th and 7th
23.386 0.2580
24.291 0.2596 0.2596
35.574 0.2934 0.2934 0.2934
Table 6
Cracking forces (kN) and crack widths (mm) for 25-element non-uniform mesh.
Force Crack number
1st 2nd and 3rd 4th, 5th, 6th and 7th
23.405 0.2677
24.622 0.2682 0.2682
34.079 0.2836 0.2836 0.2836
Table 7
Crack widths (mm) for 127-element uniform mesh.
Force (kN) Crack number
1st 2nd and 3rd 4th and 5th 6th and 7th
23.407 0.2702
24.668 0.2710 0.2706
33.943 0.2844 0.3281 0.2844
34.378 0.2881 0.2881 0.2881 0.2853
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Fig. 14. Warping of the cross-section at right-hand end of the tie – dimensions
in m.
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Fig. 15. Crack proﬁle (left-hand crack side) – dimensions in m.
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ﬁnite-element meshes are given in Table 4 and Fig. 13. The force
needed for 1st crack to open is similar in all the meshes, and the
same may be said for 2nd and 3rd crack even though for the uni-
form meshes of an odd number of elements considered here the
position of these two cracks may not be exactly predicted by the
proposed uniformmeshes. The following cracks (4th to 7th) should
occur at the same force (see the above analytical solution), since
the distances between the existing cracks are the same in the
entire tie. As already explained, the reason why two by two cracks
appear instead of four at once is again in the mesh; none of these
pairs of cracks have the position that may be exactly predicted by
the ﬁnite-element solution proposed and the two pairs of cracks
form at the positions which are not equally distant from the exact
positions. The more elements we use, the closer are the forces
causing 4th/5th and 6th/7th crack and they would eventually
merge into one for an inﬁnite number of elements.Note that for this simple example in which it is easy to spot the
exact crack positions, a much better solution may be obtained if
the ﬁnite-element mesh utilised is chosen such that these
positions may be exactly hit. The results for two such meshes – a
9-element mesh and a 25-element mesh with the ﬁrst and the last
element half the length of the other elements – are given in Table 5
and Table 6. As expected, in these meshes 4th to 7th cracks occur at
a same force.
Next, we analyse the crack widths and compare it with the ana-
lytical solution given earlier (see Table 2). The results for the 25-
element non-uniform mesh are given in Table 6, while the results
for the 127-element uniform mesh are given in Table 7. When
these results are compared to those obtained analytically (see
Table 2) a very good predictive capability of the proposed formula-
tion may be noticed.
In the third test, we analyse warping of the cross-section and
the crack proﬁle. To do so, the cross-section is divided in n equal
layers. Fifteen elements of equal length are used and the applied
force is 23.41 kN, which causes a crack in the middle of the tie to
open. In Fig. 14 warping of the cross-section at the right-hand
end of the tie is shown, where the coordinate system origin is
1.22 m
L= 4.14 m
1.22 m1.22 m 0.305 m
0.56 m0.495 m
2φ29
F F
0.24 m0.24 m
Fig. 16. Geometry of the four-point bending beam reported by Ngo and Scordelis (1967).
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Fig. 15 the crack proﬁle is shown with the origin of the coordinate
system placed in the middle of the crack in the deformed state. In
both cases it may be seen that considering the tie as a layered bar
has marginal inﬂuence on the results (less than 0.6%).5.2. Ngo and Scordelis’s beam
In our second numerical example we study a simply supported
four-point bending on a beam analysed by Ngo and Scordelis
(1967) shown in Fig. 16. The material parameters are given as
follows: Young’s modulus of concrete Ec= 20 684.3 MPa, Poisson’s
ratio 0.3, Young’s modulus of steel Es= 206 843 MPa and bond stiff-
ness modulus Cs= 14 045 MPa/m. The beam is reinforced only at
the bottom, with 2 bars of diameter 29 mm.
Ngo and Scordelis have performed a two-dimensional analysis
using triangular plane stress ﬁnite elements for a variety of pre-de-
ﬁned cracking patterns, where the cracks have been modelled by
separating the concrete elements on either side of the crack by
using different nodal points. Four of these patterns have been cho-
sen for this analysis (Fig. 17). Beam 0 is assumed to be uncracked,
and is used as a basis for comparison of results with other beams
with pre-deﬁned cracks. Beam A has two vertical cracks in the re-
gion of constant maximum moment, symmetrically arranged
against the centre-line of beam. Beam C includes two vertical
cracks as model A plus two diagonal cracks that are pre-deﬁned
outside the region of maximum moment (one on each side of the
midspan). In our model these diagonal cracks have been idealised
by vertical cracks which reach the same depth. In Beam D fourBeam 0
F
Beam A
Beam C
Beam D
F
F F
F F
F F
Fig. 17. Cracking patterns.vertical cracks in the region of constant maximum moment and
four diagonal cracks outside the region of constant maximum mo-
ment – again modelled with vertical cracks, are assumed to appear.
The applied force F equals 44.48 kN.
Due to symmetry of geometry and boundary conditions only
the right half of the beam has been modelled, with the global
coordinate reference system placed in the middle of the beam.
Two-noded beam elements with linked interpolation for displace-
ments (quadratic) and rotations (linear) and linear Lagrangian
interpolation for the function s are used. The number of elements
equals 17, with 15 elements located between the centre-line and
the support, while the other 2 elements are located at the right side
of the support. The cross-section is divided in 13 equal layers and
the reinforcement layer is set in layer 2. The slip at the centre-line
and at the end of the beam is ﬁxed. In those elements that have
pre-deﬁned cracks (3rd element for Beam A, 3rd and 10th element
for Beam C and 2nd, 4th, 8th and 12th element for Beam D) 8 layers
are taken as cracked (about 62% of the height of the beam).
The vertical midspan deﬂection comparison is given in Fig. 18. A
very good agreement may be observed for all the cracking patterns.
In Beams C and D the results differ more due to the existence of
diagonal cracks – since in our model only transversal cracks are
allowed, the diagonal cracks have had to be modelled as such.
The distribution of stresses in steel and bond stresses is shown
in Fig. 19 and Fig. 20, respectively (due to symmetry only for the
right half of the beam), together with the results obtained using
a reﬁned mesh with 85 elements (ﬁve times more elements than
the original mesh) where pre-deﬁned cracks are set in 13th
element for Beam A, 13th and 48th element for Beam C and 8th,
18th, 38th and 58th element for Beam D.0.0
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Fig. 18. Midspan deﬂection for various cracking patterns.
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Fig. 20. Bond stress for various cracking patterns: (a) Beam 0, (b) Beam A, (c) Beam C and (d) Beam D.
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stant over the element. The distribution of the bond stresses in
Fig. 20 follow qualitatively the distribution of the bond forces at
the nodal points in the reference, but there these are not given
quantitatively and thus cannot be numerically related to the re-
sults obtained here.
In both ﬁgures localised effect of cracking may be noticed. At a
crack location the stress in steel considerably increases, just as the
bond stresses near a crack do, which is again in very goodagreement with the reference results. Apart from the crack loca-
tions, the results of the 17-element mesh agree very closely with
the results of the 85-element mesh and may be considered as
the converged solution.
Since the primary contribution in the approach proposed in this
work is prediction of occurrence and propagation of cracks, which
Ngo and Scordelis have not dealt with, we will next study a situa-
tion with no pre-deﬁned cracks but in addition we will deﬁne a
value for the tensile strength of concrete, apply the monotonically
(a)
F
Ngo and Scordelis (Beam A)
Present model
F
FF
Ngo and Scordelis (Beam D)
Present model
(b)
Fig. 21. Crack position comparison (a) fct= 2.25 MPa, (b) fct= 1.5 MPa.
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for the 17-element mesh.
A comparison of the crack positions and depths for two differ-
ent tensile strengths of concrete is given in Fig. 21. When the ten-
sile strength of concrete is set to 2.25 MPa (cca. 11% of Young’s
modulus of concrete), and the force F reaches 36.3 kN, the ﬁrst
layer of 5th element cracks. At the end of the loading process, a to-
tal of eight layers of 5th element is found to be cracked, and the
midspan deﬂection measures 1.273 mm, which is very close to
the results obtained by Ngo and Scordelis for Beam A in Fig. 18.
It has to be noted, however, that the actual occurrence of the crack
at the closest possible point to the applied force in the region of the
constant moment (in the middle of the adjacent element to the left
of the force) in the present model has a sound theoretical base. It is
precisely in this element among those in the constant moment re-
gion that the reinforcement stress prior to cracking is minimal (see
Fig. 19 (a)) and therefore to accommodate the constant bending
moment the stress in the concrete part of the same element must
be at a maximum and thus this element must crack ﬁrst.
If the tensile strength of concrete is set to 1.5 MPa (cca. 7% of
Young’s modulus of concrete) the ﬁrst layer of 5th element cracks
when the force F reaches 24.2 kN. By increasing the force this crack
then propagates through seven more layers and soon a new crack
forms in 1st element (F = 30.1 kN) and later in 8th element
(F = 43.6 kN). At the end of the loading process, 1st and 5th ele-
ments have eight layers cracked, and 8th element has seven
cracked layers, while the midspan deﬂection equals 1.713 mm.
This case may be compared with Ngo and Scordelis’s Beam D0
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Fig. 22. Crack prediction for a given concrete tensile stre(see Fig. 18). Again, the actual occurrence of 2nd crack in the
present model at the closest possible point near the centre-line
has had to be expected since among the elements in the constant
moment region it is this element that has the minimum reinforce-
ment stress and consequently the maximum tensile stress in the
concrete.
In Fig. 22 the distribution of stresses in steel and bond stresses
for the situation with no predeﬁned cracks but with prescribed
tensile strength of concrete as 2.25 MPa is shown. The results are
comparable to Ngo and Scordelis’s results for beam A (Fig. 19 (b)
and Fig. 20 (b)), where a reduction in the peak reinforcement stress
is now attributed not only to the mesh used, but also to the fact
that the actual crack is at a more remote position measured from
the centre-line.6. Conclusions
In this work a novel embedded-discontinuity layered beam
ﬁnite element for geometrically linear analysis of planar rein-
forced-concrete beams has been presented. The main characteris-
tics of the element are:
– the number of concrete layers is arbitrary,
– the layers are assembled in a beamwith a rigid interlayer con-
nection (with neither slip nor uplift between them), but they
can rotate independently of each other,
– reinforcement, treated as an additional layer of zero thickness
and ﬁnite area, is placed within a surrounding concrete layer,
and may slip with respect to this layer (allowance is currently
made only for one reinforcement layer),
– a bond–slip relationship is superimposed onto this model,
– a transversal crack is embedded in a manner that it opens
when the tensile concrete strength at a layer’s mid-depth is
reached and propagates throughout the whole depth of the
layer.
Occurrence and propagation of cracks predicted by this model
has been demonstrated on a couple of representative examples
involving linear elastic behaviour and ideally brittle concrete. The
results have been found to agree well with the analytical solutions,
where these exist, and the numerical solutions from literature
obtained using alternative ﬁnite elements.
Emphasis has been given on veriﬁcation of the developed
layered-beam embedded-crack kinematics and the results
presented make a sound base for future work. To complete the
model, it is necessary to introduce non-linear constitutive laws
for concrete and steel as well as a non-linear bond–slip relation-
ship, which will enable testing the presented model on practical
problems and comparing the results with those numerical results
obtained using continuum elements and different approaches to-1.50
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P. Šc´ulac et al. / International Journal of Solids and Structures 51 (2014) 74–92 89deﬁning the cracking process as well as the experimental results.
Additionally, the element may be recast in a full geometrically
non-linear form, which may prove useful both in modelling post-
critical states up to the point of collapse as well as in any further
extension to problems of optimisation.
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Appendix A
In (37) the internal virtual work due to stresses in the concrete
layers is given as
VB;i ¼
XM
l¼1
Z L
0
pTf þ dackw
t01
0M
 	T !
BTl
 !
DTl
 !
L
Nl
Ml
 	
dX1
" #
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Nl
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this internal work may be written as
VB;i ¼
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Z L
0
LTDl Blpf þ dackw
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Further,
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since, according to (33), Bl is constant. The above may be written as
VB;i ¼
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ðA:7ÞAppendix B
To compute Dg in (101), we consider g as deﬁned in (100) with
qips and q
i
uw as given in (91) and q
e
ps and q
e
uw as given in (99). It fol-
lows that we need to compute Dqirs;j;Dq
i
bs;j;Dq
i
Bp;j;Dq
i
rp;j;Dq
i
u , Dq
i
Bw
and Dqibw.
B.1. Linearisation of qirs;j (80)
Since Nr ¼ Nr erð Þ;Dqirs;j follows as
Dqirs;j ¼
Z L
0
I0j
dNr
der
DerdX1: ðB:1Þ
From (54)
Der ¼ @er
@s0
Ds0 þ @er
@u0
 Du0 ¼ Ds0 þ tT01Du0 ðB:2Þ
and thus
Dqirs;j ¼
Z L
0
I0j
dNr
der
Ds0dX1 þ tT01
Z L
0
I0j
dNr
der
Du0dX1: ðB:3Þ
Using (68), (76) and Kj ¼ LN 1ð Þj1
N  1
j 1
 QN
p¼1Np, and noting that
uk ¼ I 02xM½ pk we obtain
Dqirs;j ¼
XN
k¼1
Krs;jksDsk þ
XN
k¼1
Krs;jkpDpk; ðB:4Þ
where
Krs;jks ¼
Z L
0
I0j
dNr
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I0kdX1; ðB:5Þ
Krs;jkp ¼
t01
0M
 	T
Krs;jks; ðB:6Þ
since the term due to linked interpolation in Krs;jkp vanishes owing
to tT01t02 ¼ 0.
B.2. Linearisation of qirp;j (83)
Since qirp;j ¼
t01
0M
 	
qirs;j, for Dq
i
rp;j we get
Dqirp;j ¼
XN
k¼1
Krp;jksDsk þ
XN
k¼1
Krp;jkpDpk; ðB:7Þ
with
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Krs;jks: ðB:9ÞB.3. Linearisation of qibs;j (81)
Since s ¼ s fð Þ from (81) we get
Dqibs;j ¼ /p
Z L
0
Ij
ds
df
DfdX1: ðB:10Þ
From (52)
Df ¼ @f
@s
Dsþ @f
@w
Dw ¼ Ds daCkDw ðB:11Þ
and
Dqibs;j ¼ /p
Z L
0
Ij
ds
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DsdX1  daC/p
Z L
0
Ijk
ds
df
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Dqibs;j ¼
XN
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ds
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Kbs;jw ¼ daC/p
Z L
0
Ijk
ds
df
dX1: ðB:15ÞB.4. Linearisation of qibw (86)
We analogously obtain Dqibw as
Dqibw ¼
XN
k¼1
Kbw;ksDsk þ Kbw;wDw; ðB:16Þ
with
Kbw;ks ¼ daC/p
Z L
0
k
ds
df
IkdX1; ðB:17Þ
Kbw;w ¼ daC/p
Z L
0
k2
ds
df
dX1: ðB:18ÞB.5. Linearisation of qiBp;j (82)
In order to compute DqiBp;j, (82) may be written as
qiBp;j ¼
XM
l¼1
BTl L
Z L
0
HIj
Nl
Tl
Ml
8<:
9=;dX1
þmT 0 1 0h i
XM
l¼1
Z L
0
K 0j
Nl
Tl
Ml
8<:
9=;dX1 ðB:19Þ
and then DqiBp;j follows as
DqiBp;j ¼
XM
l¼1
BTl L
Z L
0
HIj
DNl
DTl
DMl
8><>:
9>=>;dX1
þmT 0 1 0h i
XM
l¼1
Z L
0
K 0j
DNl
DTl
DMl
8><>:
9>=>;dX1 ¼ a1 þ a2: ðB:20Þ
Since Nl ¼ Nl el;jlð Þ; Tl ¼ Tl clð Þ;Ml ¼ Ml el;jlð Þ we get
DNl
DTl
DMl
8><>:
9>=>; ¼
@Nl
@el
0 @Nl
@jl
0 dTldcl 0
@Ml
@el
0 @Ml
@jl
26664
37775
Del
Dcl
Djl
8><>:
9>=>; ¼ C
Del
Dcl
Djl
8><>:
9>=>;: ðB:21Þ
Using (16) and (17) we may write
el
cl
jl
8><>:
9>=>; ¼ LT ddX1 þ
0 0 0
0 0 1
0 0 0
264
375
0B@
1CA ulv l
hl
8><>:
9>=>; ðB:22Þ
andDel
Dcl
Djl
8><>:
9>=>; ¼ LT ddX1 þ
0 0 0
0 0 1
0 0 0
264
375
0B@
1CA DulDv l
Dhl
8><>:
9>=>;: ðB:23Þ
From (32) it further follows that
Dul
Dv l
Dhl
8><>:
9>=>; ¼ Bl Dpf þ daCk t010M
 	
Dw
 
¼ BlDpf þ daCk
t01
0
 	
Dw:
ðB:24Þ
Due to rotational discontinuity in each cracked layer
Dpf ¼ Dpþ k 0DCDu
 	
, the above expression yields
Dul
Dv l
Dhl
8<:
9=; ¼ BlDpþ Blk 0DCDu
 	
þ daCk t010
 	
Dw
¼ BlDpþ eBlkDCDuþ daCk t010
 	
Dw: ðB:25Þ
Finally,
Del
Dcl
Djl
8<:
9=; ¼ LTBlDp0 þ LT eBlk0DCDuþ daCk0LT t010
 	
Dw
þ
0 0 0
0 0 1
0 0 0
24 35BlDpþ 0 0 00 0 1
0 0 0
24 35eBlkDCDu
þ
0 0 0
0 0 1
0 0 0
24 35daCk t010
 	
Dw ðB:26Þ
and substituting (87),
Del
Dcl
Djl
8<:
9=; ¼ LTBlDp0 þ
0 0 0
0 0 1
0 0 0
24 35BlDpþHTkLT eBlDCDu
þ daCk0
1
0
0
8<:
9=;Dw: ðB:27Þ
The above expression is substituted into DqiBp;j, for simplicity di-
vided in two terms (a1 and a2)
a1 ¼
XM
l¼1
BTl L
Z L
0
HIjC L
TBlDp0 þ
0 0 0
0 0 1
0 0 0
264
375BlDpþHTkLT eBlDCDu
0B@
þdaCk0
1
0
0
8><>:
9>=>;Dw
1CAdX1; ðB:28Þ
a2 ¼mT 0 1 0h i
XM
l¼1
Z L
0
K 0j
 dTl
dcl
LTBlDp0 þ
0 0 0
0 0 1
0 0 0
24 35BlDpþHTkLT eBlDCDu
0@ 1AdX1
ðB:29Þ
and after interpolation according to (69), (78), and
Kj ¼ LN 1ð Þj1
N  1
j 1
 QN
p¼1Np,
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XM
l¼1
BTl L
Z L
0
HIjC L
TBl
XN
k¼1
I0kI2þMDpk þ LTBl
XN
k¼1
K 0k
t02
0M
 	
mDpk
 
þ
0 0 0
0 0 1
0 0 0
264
375BlXN
k¼1
IkI2þMDpk
þ
0 0 0
0 0 1
0 0 0
264
375BlXN
k¼1
Kk
t02
0M
 	
mDpk
þHTkLT eBlDCDuþ daCk0 10
0
8><>:
9>=>;Dw
1CAdX1; ðB:30Þ
a2 ¼mT 0 1 0h i
XM
l¼1
Z L
0
K 0j
dTl
dcl
LTBl
XN
k¼1
I0kI2þMDpk
 
þLTBl
XN
k¼1
K 0k
t02
0M
 	
mDpk þ
0 0 0
0 0 1
0 0 0
264
375BlXN
k¼1
IkI2þMDpk
þ
0 0 0
0 0 1
0 0 0
264
375BlXN
k¼1
Kk
t02
0M
 	
mDpk þHTkLT eBlDCDu
1CAdX1:
ðB:31Þ
Since
g0LT þ
0 0 0
0 0 1
0 0 0
24 35g ¼ HTgLT ; Hg ¼ g
0 0 0
0 g0 0
0 g g0
24 35 for g
¼ Ij; Ik; k;Kk; ðB:32Þ
we get
a1 ¼
XM
l¼1
BTl L
XN
k¼1
Z L
0
HIjCH
T
IkdX1L
TBl
  
þ
XN
k¼1
Z L
0
HIjCH
T
KkdX1L
TBl
t02
0M
 	
m
!
Dpk
þ
Z L
0
HIjCH
T
kdX1L
T eBlDCDuþ daC Z L
0
HIjCk
0
1
0
0
8><>:
9>=>;dX1Dw
1CA;
ðB:33Þ
a2 ¼mT 0 1 0h i
XM
l¼1
XN
k¼1
Z L
0
K 0j
dTl
dcl
HTIkdX1L
TBl
  
þ
XN
k¼1
Z L
0
K 0j
dTl
dcl
HTKkdX1L
TBl
t02
0M
 	
m
!
Dpk
þ
Z L
0
K 0j
dTl
dcl
HTkdX1L
T eBlDCDu ðB:34Þ
and ﬁnally
DqiBp;j ¼
XN
k¼1
KBp;jk þ Klink1Bp;jk þ Klink2Bp;jk þ Klink3Bp;jk
 
Dpk
þ KBp;ju þ KlinkBp;ju
 
Duþ KBp;jwDw; ðB:35Þ
where
KBp;jk ¼
XM
l¼1
BTl L
Z L
0
HIjCH
T
IkdX1L
TBl; ðB:36ÞKlink1Bp;jk ¼
XM
l¼1
BTl L
Z L
0
HIjCH
T
KkdX1L
TBl
t02
0M
 	
m; ðB:37Þ
Klink2Bp;jk ¼mT 0 1 0h i
XM
l¼1
Z L
0
dTl
dcl
K 0jH
T
IkdX1L
TBl; ðB:38Þ
Klink3Bp;jk ¼mT 0 1 0h i
XM
l¼1
Z L
0
dTl
dcl
K 0jH
T
KkdX1L
TBl
t02
0M
 	
m; ðB:39Þ
KBp;ju ¼
XM
l¼1
BTl L
Z L
0
HIjCH
T
kdX1L
T eBlDC ; ðB:40Þ
KlinkBp;ju ¼mT 0 1 0h i
XM
l¼1
Z L
0
dTl
dcl
K 0jH
T
kdX1L
T eBlDC; ðB:41Þ
KBp;jw ¼ daC
XM
l¼1
BTl L
Z L
0
HIjCk
0dX1
1
0
0
8><>:
9>=>;: ðB:42ÞB.6. Linearisation of qiu (84)
From (84) Dqiu may be derived in the same way as a1 in Dq
i
Bp;j
above
Dqiu ¼
XN
k¼1
Kuk þ Klinkuk
 
Dpk þ KuuDuþ KuwDw; ðB:43Þ
with
Kuk ¼ DC
XM
l¼1
eBTl L Z L
0
HkCH
T
IkdX1L
TBl; ðB:44Þ
Klinku;k ¼ DC
XM
l¼1
eBTl L Z L
0
HkCH
T
KkdX1L
TBl
t02
0M
 	
m; ðB:45Þ
Kuu ¼ DC
XM
l¼1
eBTl L Z L
0
HkCH
T
kdX1L
T eBlDC ; ðB:46Þ
Kuw ¼ daCDC
XM
l¼1
eBTl L Z L
0
HkCk
0dX1
1
0
0
8><>:
9>=>;: ðB:47ÞB.7. Linearisation of qiBw (85)
Finally, DqiBw may be obtained in the same way as above. From
(85)
DqiBw ¼ daC
XM
l¼1
Z L
0
k0 @Nl@el 0
@Nl
@jl
D E Del
Dcl
Djl
8><>:
9>=>;dX1; ðB:48Þ
DqiBw ¼
XN
k¼1
KBw;k þ KlinkBw;k
 
Dpk þ KBw;uDuþ KBw;wDw; ðB:49Þ
where
KBw;k ¼ daC
XM
l¼1
Z L
0
k0 @Nl@el 0
@Nl
@jl
D E
HTIkdX1L
TBl; ðB:50Þ
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XM
l¼1
Z L
0
k0 @Nl@el 0
@Nl
@jl
D E
HTKkdX1L
TBl
t02
0M
 	
m; ðB:51Þ
KBw;u ¼ daC
XM
l¼1
Z L
0
k0 @Nl@el 0
@Nl
@jl
D E
HTkdX1L
T eBlDC ; ðB:52Þ
KBw;w ¼ daC
XM
l¼1
Z L
0
k02
@Nl
@el
dX1: ðB:53ÞB.8. Bar element stiffness matrix
The stiffness matrix for one element with N-nodes is thus
k11pp k
12
pp . . . k
1N
pp k
1
pu
k22pp . . . k
2N
pp k
2
pu
. .
. ..
. ..
.
SYMM: kNNpp k
N
pu
kuu
2666666664
3777777775
; ðB:54Þ
where
kjkpp ¼
Kbrs;jks Krs;jkp
Krp;jks K
LINK
Bpr;jk
" #
; ðB:55Þ
kjpu ¼
Kbs;jw 0
T
M
KBp;jw K
LINK
Bp;ju
" #
; ðB:56Þ
kuu ¼
KBbw;w KBw;u
Kuw Kuu
 
; ðB:57Þ
with
Kbrs;jks ¼ Krs;jks þ Kbs;jks;
KLINKBpr;jk ¼ ðKBp;jk þ Klink1Bp;jk þ Klink2Bp;jk þ Klink3Bp;jkÞ þ Krp;jkp;
KLINKBp;ju ¼ KBp;ju þ KlinkBp;ju;
KBbw;w ¼ KBw;w  Kbw;w:
ðB:58ÞAppendix C
In case of beam element, the stiffness matrix transforms into
k11pp k
12
pp . . . k
1N
pp k
1
b;pu
k22pp . . . k
2N
pp k
2
b;pu
. .
. ..
. ..
.
SYMM: kNNpp k
N
b;pu
kb;uu
2666666664
3777777775
; ðC:1Þ
where kjkpp is the same as in (B.55). Since w is no longer the un-
known, some of the above components rearrange and transform
into
kjb;pu ¼
Kbs;jwh
T
aDC
KLINKBp;ju þ KBp;jwhTaDC
( )
; ðC:2Þ
kb;uu ¼ Kuu þ KuwhTaDC þ DChaðKBw;u þ KBbw;whTaDCÞ: ðC:3ÞReferences
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